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ABSTRACT 
Explicit forms are given for all commutative sets of permutation matrices which 
sum to a positive matrix, and for nonabelian groups of permutation matrices of order 
twice an odd prime which sum to the matrix of all ones. A relationship to circulants of 
level k is indicated. 
1. INTRODUCTION 
The principal purpose of this note is to characterize all commutative sets 
of n X n permutation matrices which sum to a positive matrix M. We will 
show that such a set must contain exactly n permutation matrices and form a 
group ‘8; that M = .l,,, the n X n matrix with each entry equal to one; and that, 
for some factorization n = mlrn2. . . mt of n, G is conjugate to the group 
where ek is the cyclic group generated by the k X k permutation matrix 
0 1 0 ... 0 
... 
c, 
0 0 1 0 
= o. .6. .6.. :.... . .i 
1 0 0 ... o_ 
corresponding to the full cycle permutation (12 . . . k), and where 63 denotes 
the Kronecker product. 
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Our results generalize theorems of Zellini [5] and of Zellini and Mack [6]. 
Additional related results have been obtained by Chao [2] and Wang [4]. The 
work in [5] and [6] was motivated by a consideration of certain types of 
generalized circulant matrices. Recall that an 12 X n complex matrix A is 
circulunt if A = 8:= ra iCi for complex numbers a 1,. . . , an. Following Davis [3, 
p, 1881 we say that A is circulunt of level 2 if A = xi= rCi@ Bi where each Bi is 
a circulant, and in general, A is a circulant of level k, k 2 2, if A = 8T=,Cj@ Bi 
where each Bi is a circulant of level k - 1. We will obtain as a corollary that if 
A is a linear combination of a finite set of commuting permutation matrices 
with positive sum, then, to within a simultaneous permutation of rows and 
columns, A must be a circulant or a circulant of level k for some integer k 2 2. 
Bell [l] has obtained additional results on circulants of level k. 
2. MAIN RESULT 
We begin with some results concerning permutation groups. Let S,, denote 
the symmetric group on N = { 1,2,. . . , n}. A transitive subgroup G of S,, with 
the property that the identity is the only element of G with a fixed point is 
called a regular subgroup of S,,. 
LEMMA 1. Let G be a subgroup of S,,. 
(i) ZfGisregulurandg,,g,EG,theng,(i)=g2(i)forsomeiENifund 
only if g, = g,. 
(ii) Zf G is regular, then ] G ] = n. 
(iii) Zf G is transitive and abelian, then G is regular. 
Proof. (i): Since g,‘g, fixes i, gi’g, is the identity. 
(ii): Let G = {gr, g,,.. .,g,}. Then g,(l), g,(l),. . . ,g,(I) are distinct ek- 
ments of N by (i). Hence ) G ] < n. But G is transitive, SO 1 G ] a n. 
(iii): Let g E G. If g(i) = i for some i E N, then, since G is transitive, there 
exists for each f~ N an element gi of G such that gi(i> = i. Now i= gi(i> = 
gig(i) = ggi( i) = g(i) for all jc N, so g is the identity. n 
THEOREM 1. Zf S is a commutative transitive subset of S,, then ] S I = n 
and S is a regular group. 
Proof. Let G be the transitive abelian subgroup of S, generated by S. 
Then G is regular by Lemma l(iii), and ]G] = n by Lemma l(ii). But 
ISI d (G], and ISI > n since S is transitive. Thus 1 S I = n and S = G is a group. 
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LEMMA 2. Let G,, G, be regular subgroups of S,, and let cp be an 
isomorphism of G, onto G,. Then there exists qE S,, such that G(X) = q-‘xq 
for all XE G,. 
Proof. Define 0,: Gi + N, for i=1,2, by O,(g)=g(l) for all gEG,. By 
Lemma l(i), (ii), 8, and 8, are one-to-one and onto. Let q = O,@,‘, let 
x E G,, and let i E N. Let y E G, be such that y(l) = i; that is, y = @L’(i). 
Then 
(w-‘)(i) = (44vl)(&?(i)) 
= (~44(~-Wl 
= ~W)[W'(Y))Wl 
= (e,~e,l)[(x~-l(y>)(l>l 
= (e,~)(e,l[(x~~l(Y))(l>I) 
= 4&3-l(d)] 
= a4h4 
= MdYNl) 
= 9MY(l)) 
= bWG>. 
Therefore +(x) = qxq-’ for all ZE G. 
We are ready for the main theorem. 
THEOREM 2. Let 9 = {P1, P2,..., I’,,,} be a commutative set of n X n 
permutation matrices such that M = P, + Pz + . . . + P, is a positive matrix. 
Then m = n, 9 is a regular group, M = I,,, and there exists a factorization 
n=m,m,-- . m, of n and an n X n permutation matrix Q such that 
Q“3’Q = t?,,,,E’C$$’ . . . EN?,,,,. 
Proof. A set of permutation matrices corresponds to a transitive set of 
permutations if and only if the sum of all the matrices in the set is a positive 
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matrix. Thus, by Theorem 1, m = n and 9 is a regular group. Since ( $7 1 = n, 
M=.l,. 
By the structure theorem for finite abehan groups, ?? is isomorphic to a 
direct product H,,@H,2@ . . . @Ii,+ of cyclic groups H,,,S, 1 H,, ( = mi, n = 
m711m2.-. m,. This direct product is isomorphic to the regular matrix group 
(!?,,@‘em,@ . . - @f&,. By Lemma 2, there exists an n X n permutation matrix 
Q such that 
In the factorization n = rn1rn2. * . m, of n, the mi need not be unique. If r 
and s are relatively prime positive integers, then Q*(e,@e,)Q = e,, for some 
permutation matrix Q. In particular, if n is a product of distinct primes, then 
the group 9 of Theorem 2 is cyclic and is generated by a matrix PE $7’ 
corresponding to a full cycle permutation. Furthermore, if 9 is not cyclic, 
then mi and mi are not relatively prime for all i # i, and the element of 9 of 
largest order has order the least common multiple of m,, m2,. . . , m,. 
The following corollary concerning circulants of level k follows im- 
mediately from Theorem 2. 
COROLLARY. Let A = 8:= ia,P,, where PI,. . . , P,, are n X n permutation 
matrices and a 1 ,..., a,arecomplexnumbers.ZfPiPi=PiPiforalli,~=l ,..., n, 
and if Zrzl& is a positive matrix, then there exists a permutation matrix Q 
such that Q’AQ is a circulant or a circulunt of level k for some k 2 2. 
3. THE NONABELIAN CASE 
Since there are nonabelian transitive subgroups of the symmetric group 
S,, there exists nonabelian groups of n X n permutation matrices which sum 
to r,. For example, for any m > 2, let 9? be the set of all 2m X 2m permutation 
matrices in the form 
[X. Ci] or[Tu, 21, i=1,2 ,..., m. (*) 
Then 9 is a nonabelian group of permutation matrices which sum to Ja,. 
Our final theorem characterizes such nonabelian groups of permutation 
matrices for certain integers n. Essentially the same result was given in [6]. 
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Our proof is different and, unlike the result in [6], exhibits explicitly the form 
of the matrices in the group. 
THEOREM 3. Let n = 2m, where m is an odd prime. If 9 is a rwnubelian 
group of n X n permutation matrices which sum to .T,,, then there exists an 
n X n permutation matrix Q such that Q’G?Q consists of all matrices having 
the form given in (*). 
Proof Since 19 1 = 2m, 9 contains an element of order m. Since the sum 
of all the matrices in 9 is J,, the identity matrix is the only element of 9 with 
nonzero diagonal entries. Thus, if necessary, we can find an n X n permuta- 
tion matrix Q such that Q’??Q = ‘9’ contains 
C?‘={[: oJ]i=l,2 ,..., ml. 
Since the remaining elements of 9 are of order 2 and have no nonzero entries 
in common with 
the remaining elements of 9’ must be of the form 
lT :]ii=I,2 ,..., ml. 
Since $7’ = e’ Ug’ is a group, we have, for each i = 1,2,. . . ,m, 
The elements of oi)’ are of order 2, so 
qc, = (CZDT)’ = c,q 
for each i = 1,2,. . . , m. But the only permutation matrices which commute 
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with C, are powers of C,. Thus 
(01, D,,..., D,}={Z,C,,C~ ,..., Cm”-‘}, 
whence QrTUQ consists precisely of all matrices of form (*). W 
It is not necessary to assume in Theorem 3 that $? is a group, but suffices 
to take 9 to be a nonabehan set of permutation matrices which sum to J, 
closed under multiplication. (These are the hypotheses used in [6].) Then 9 is 
a finite cancellative semigroup, and hence is a group. 
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